Abstract. A point P in projective space is said to be Galois with respect to a hypersurface if the function field extension induced by the projection from P is Galois. We settle hypersurfaces of dimension n with n-dimensional sets of Galois points.
Introduction
Let the base field K be an algebraically closed field of characteristic p ≥ 0 and let X ⊂ P n+1 be an irreducible and reduced hypersurface of dimension n and of degree d. H. Yoshihara introduced the notion of Galois point (see [1, 7, 10, 11, 12] ). If the function field extension K(X)/K(P n ) induced by the projection π P : X P n from a point P ∈ P n+1 is Galois, then the point P is said to be Galois. In this paper a
Galois point P means Galois point which is contained in the smooth locus X sm or P n+1 \ X. Let ∆(X) (resp. ∆ ′ (X)) be the set of all Galois points contained in X sm (resp. P n+1 \ X).
Galois point theory has given a new viewpoint of classification of algebraic varieties, by the distribution of Galois points (see [1, 2, 3, 4, 7, 9, 10, 11, 12] ). For example, if n = 1, then Fukasawa and Hasegawa characterized plane curves with infinitely many Galois points ( [2, 3] ). In this article, we generalize their theorems.
Theorem 1. Let X ⊂ P n+1 be a hypersurface of dimension n ≥ 1 and degree d ≥ 4
in characteristic p ≥ 0. Then, the following conditions are equivalent.
(i) There exists a non-empty Zariski open subset U of X such that U ⊂ ∆(X).
(ii) p > 0, d = p e for some e > 0, and X is projectively equivalent to a hypersurface defined by X p e −1 0 X 1 − X p e 2 = 0. In this case, ∆(X) = X \ {X 0 = X 2 = 0} and the induced Galois group G P is a cyclic group of order p e − 1 for any point P ∈ ∆(X).
Theorem 2. Let X ⊂ P n+1 be a hypersurface of dimension n ≥ 1 and degree d ≥ 3
(i) There exist an irreducible Zariski closed subset Y ⊂ P n+1 of dimension n and a non-empty open subset
(ii) p > 0, d = p e for some e > 0, and X is projectively equivalent to an irreducible hypersurface whose equation is of the form
In this case, ∆ ′ (X) is a Zariski open set of a hyperplane (see Proposition 3) and the induced Galois group G P is isomorphic to (Z/pZ) ⊕e for any point P ∈ ∆ ′ (X).
To prove these theorems, we also prove Propositions 1 and 2 which may be called "hyperplane-section theorems" for hypersurfaces with Galois points (see [4, Theorem 1.3] for normal hypersurfaces).
Preliminaries and Lemmas
Let X ⊂ P n+1 be an irreducible hypersurface, let S X be the singular locus of X and let X sm = X \S X be the smooth locus. We denote by T P X ⊂ P n+1 the projective tangent space at a smooth point P ∈ X \ S X . LetP n+1 be the dual projective space which parameterizes hyperplanes of P n+1 . The Gauss map γ of X is a rational map from X toP n+1 which sends a smooth point P to the tangent space T P X. If F is the defining polynomial of X, then γ is given by (∂F/∂X 0 : · · · : ∂F/∂X n+1 ). Let T X := P ∈Xsm T P X. If T X = ∅, then X is said to be strange and T X is called a strange center. A strange center is a linear space. It is well known that (the function field extension induced by) the projection from T X is separable if and only if X is a cone with center T X . Therefore, any strange variety is a cone with center T X if p = 0.
For distinct points P, Q ∈ P n+1 , we denote by P Q the line passing through P and Q. For a point P ∈ P n+1 , the projective space P n parameterizes lines passing through P . Then, we can identify π P (Q) = P Q for any point Q ∈ X \ {P }. If P = (0 : · · · : 0 : 1), then π P (X 0 : · · · : X n+1 ) = (X 0 : · · · : X n ), up to the projective equivalence of P n .
We note the following Bertini theorem (see [5, Theorem 1.1] ).
Lemma 1. For a general hyperplane H ⊂ P n+1 , the hyperplane section X H := X ∩H is an integral scheme.
Let P be a Galois point for X. We denote by G P (X), or simply G P , the Galois group induced by the Galois extension. Then, any element of G P (X) corresponds to a birational map from X to itself. Let Bir(X) be the group consisting of all biratinal map from X to itself. We can consider G P (X) as a subgroup of Bir(X).
For σ ∈ G P (X), we denote by U σ is the maximal open subset of X on which σ is defined. We denote by U[P ] = σ∈G P U σ .
Lemma 2. Let P ∈ P n+1 be a Galois point and let σ ∈ G P be an induced birational map from X to itself. Suppose that H is a hyperplane such that P ∈ H and X H is an integral scheme. Then, X H ∩ U σ = ∅. Furthermore, if P ∈ S X H , then the restriction map σ| X H is a birational map from X H to itself.
Proof. For the first assertion, see the proof of [6, V. Lemma 5.1]. Now, X H corresponds to a regular point of codimension one in the scheme X. We can prove the first assertion by using a valuative criterion of properness for X. We prove the second assertion. Let τ be the inverse of σ. Then, σ is an isomorphism from
. By definitions of π P and σ, σ(X H ) ⊂ X H . If
for a general point Q of X ∩ H. By definitions of π P and σ, P Q ⊂ X ∩ H. Then, X H is a cone with center P . Therefore, P ∈ S X H . This is a contradiction.
Lemma 3. Let P be a Galois point for X and let Q, R ∈ X \ T P X such that
Proof. Let (X 0 : · · · : X n+1 ) be a system of homogeneous coordinates, let
be the defining homogeneous polynomial of X, where
We may assume that P = (0 : · · · : 0 : 1) and R = (1 : 0 : · · · : 0) for a suitable system of coordinates. Then, the line passing through P, Q, R is given by
Since f (R) = 0, a 0 (0, . . . , 0) = 0. Then, we can take π P (1 :
x 1 : · · · : x n ) and π P (Q) = π P (R) = (1 : 0 : · · · : 0). We consider a function x n+1 .
Assume that σ(Q) = R for any σ ∈ G P . Then, x n+1 (σ(Q)) = 0 for any σ ∈ G P .
This is a contradiction. Assume that P ∈ X sm . Then,
This is a contradiction.
Case of inner Galois points
We can prove the following hyperplane-section theorem for a hypersurface with an inner Galois point in general.
Proposition 1. Let X ⊂ P n+1 be an irreducible hypersurface, let H ⊂ P n+1 be a hyperplane and let P ∈ ∆(X) ∩ H. Assume that X H is an integral scheme and
Proof. We consider a homomorphism of groups
where G = {σ ∈ Bir(X H )|σ(X H ∩l\{P }) ⊂ X H ∩l for a general line l such that P ∈ l ⊂ H}. Since P ∈ S X H , it follows from Lemma 2 and the definition of Galois point that φ is well-defined. Assume that φ is not injective. Since P ∈ S X H , H = T P X.
It follows from Lemma 3 that X H ∩ l \ {P } consists of at most d − 2 points for a general line l ⊂ H containing P . By Bézout theorem, there exists a point Q in l such that the multiplicity of X H ∩ l at Q is at least 2. Then, the tangent space T Q X contains l, and hence P . Since l is general, P ∈ T X H . This is a contradiction. Since the order of G is at most d − 1 and φ is injective, φ is an isomorphism. Then, P is Galois for X H .
We consider Theorem 1. Let U be an open set as in Theorem 1(i) and let H ⊂ P n+1 be a general hyperplane. By Lemma 1, X H is integral. Then, we may also assume that U ∩ H = ∅. Therefore, we have the following. 
Proof. We can take
Proof of Theorem 1. We prove the implication (i) ⇒ (ii). We use induction on dimension n. If n = 1, then the assertion is nothing but a result of Fukasawa and
Hasegawa [3] . We consider the case where n ≥ 2. Let H ⊂ P n+1 be a general hyperplane. By Lemma 1, X H is integral. Now we may assume that U ∩ H = ∅. It follows from Corollary 1 that there exists a Zariski open set U X H ⊂ X H such that
. By the assumption of induction, p > 0, d is a power of p, and
Therefore, we find that T X H is a linear space of dimension n − 2 with T X H ⊂ X H , and a general fiber of γ X H is a linear space of dimension n − 2.
Since H is general, T X is a linear space of dimension n − 1 with T X ⊂ X. Since T Q X H = T Q X ∩ H for any smooth point Q ∈ X H , γ X H coincides with the restriction map γ| X H . Since a general fiber of γ X H is a linear space of dimension n−2, a general fiber of γ is a linear space of dimension n − 1.
Let P ∈ X be a general point. Since the linear spaces γ −1 (γ(P )) of dimension n − 1 and T X of dimension n − 1 are contained in the projective space T P X of dimension n, these intersect along a linear space
For a suitable system of coordinates, we may assume that L is defined by X 0 = X 1 = X 2 = 0 and X is defined by F (X 0 , X 1 , X 2 ) = 0. We may assume that H is defined by X n+1 − (a 0 X 0 + · · · + a n X n ) = 0. Then, X H is given by the same equation F = 0 and there exists a linear transformation φ : H → H such that
Then, φ(L∩H) = L∩H. Therefore, φ gives an automorphism of the sublinear system X 0 , X 1 , X 2 of H 0 (P n , O(1)) which is given by L ∩ H. This implies that X is projectively equivalent to the hypersurface defined by X d−1 0
2 be the defining polynomial. It is not difficult to check that the singular locus S X of X is given by
. . ,X n ). Then, π P = (X 0 :X 1 : · · · : X n+1 ). Therefore, we have a field extension K(x 0 , x 2 , . . . , x n+1 )/K(x 2 , . . . , x n+1 ) with a relation F (x 0 , 1, x 2 , . . . , x n+1 ) = x p e −1 0 − x p e 2 = 0. It is not difficult to check that this is a Galois extension, which is cyclic of degree p e − 1. Therefore, we have ∆(X) = X \ {X 0 = X 2 = 0}.
Case of outer Galois points
We can prove the following hyperplane-section theorem for a hypersurface with an outer Galois point in general.
Proposition 2. Let X ⊂ P n+1 be an irreducible hypersurface, let H ⊂ P n+1 be a hyperplane and let P ∈ ∆ ′ (X) ∩ H. Assume that X H is an integral scheme and
where G = {σ ∈ Bir(X H )|σ(X H ∩ l) ⊂ X H ∩ l for a general line l such that P ∈ l ⊂ H}. Since P ∈ X H , it follows from Lemma 2 and the definition of Galois point that φ is well-defined. Assume that φ is not injective. It follows from Lemma 3 that X H ∩ l consists of at most d − 1 points for a general line l ⊂ H containing P . By Bézout theorem, there exists a point Q in l such that the multiplicity of X H ∩ l at Q is at least 2. Then, the tangent space T Q X contains l, and hence P . Since l is general, P ∈ T X H . This is a contradiction. Since the order of G is at most d and φ is injective, φ is an isomorphism. Then, P is Galois for X H .
We consider Theorem 2. Let Y, U Y be as in Theorem 2(i) and let H ⊂ P n+1 be a general hyperplane. By Lemma 1, X H and Y H are integral. Then, we may also assume that U Y ∩ H = ∅. Therefore, we have following. 
Proof. We can take Proof. Let (X 0 : X 1 : X 2 ) be a system of homogeneous coordinates and let x i = X i /X 0 for i = 1, 2. By a result of Fukasawa [2] , Y is a line and there exists a linear transformation ψ such that ψ(X) is defined by f := e j=0
is defined by X 0 = 0. Let φ be a linear transformation as in the assumption (2).
where
Proof of Theorem 2. We consider the following condition (P n ): If X ⊂ P n+1 is an irreducible hypersurface, and there exists an irreducible hypersurface Y ⊂ P n+1 and
(1) Y is a hyperplane, and (2) if we take a linear transformation φ such that φ(Y ) is defined by X 0 = 0, the defining polynomial of φ(X) is of the form
We prove (P n ). We use induction on dimension n. If n = 1, then the assertion is nothing but Lemma 4. We consider the case where n ≥ 2. Let H ⊂ P n+1 be a i + c = 0. Since H is general, S X and T X are linear spaces of dimension n − 1 and Y is a hyperplane.
We have the result (1) of (P n ).
We take a linear transformation φ such that φ(Y ) is defined by X 0 = 0. Let P = (1 : a 1 : . . . : a n+1 ) ∈ X be a general point and let H be a general hyperplane passing
If we take a linear transformation ψ = (X 0 :
is defined by X 0 = 0 and ψ(H) is defined
. . , X n+1 ) be the defining polynomial of ψ(X), let f = F (1, x 1 , . . . , x n+1 ) and letx = b 1 x 1 +· · ·+b n x n .
Then, f (0, . . . , 0) = 0 since (1 : 0 : · · · : 0) ∈ ψ(X). Since ψ(X) ∩ ψ(H) satisfies the condition (P n−1 ) by induction, g(x 1 , . . . , x n ) := f (1, x 1 , . . . , x n ,x) = i,j β ij x p j i for some β ij ∈ K, similarly to the proof of Lemma 4. If f has a term of degree not equal to some power of p, g has such a term for a general hyperplane H with P ∈ H. Therefore, f has only terms of degree equal to some power of p. Let f p i be the component of f of degree p i for i = 0, . . . , e. Then, f p i (x 1 , . . . , x n ,x) be the component of g of degree p i . By the condition (2) of (P n−1 ), f p i (x 1 , . . . , x n ,x) should be of the form h p i for some linear polynomial h(x 1 , . . . , x n ). Since H is general,
. , x n+1 ) should be of the form h p i for some h(x 1 , . . . , x n+1 ). Therefore, ψ(X) is given by the polynomial as in the condition (2) of (P n ) and hence, φ(X) also.
The implication (ii) ⇒ (i) is derived from Proposition 3 below.
Proposition 3 (cf. [2] , Propositions 2 and 3). Let X be an irreducible hypersurface defined by the equation in Theorem 2(ii) and let H 0 be the hyperplane defined by X 0 = 0. Then, we have the following.
(i) S X and T X are linear spaces of dimension n − 1 which are contained in H 0 .
(
(iii) For any point P ∈ ∆ ′ (X), any birational map induced by G P is a restriction of a linear transformation of P 2 .
(iv) For any point P ∈ ∆ ′ (X), the Galois group G P is isomorphic to (Z/pZ) ⊕e .
(v) ∆(X) = X sm if X is projectively equivalent to the curve defined by X p e −1 0
, and ∆(X) = ∅ otherwise.
be the defining polynomial. It is not difficult to check that S X is given by
There exists i such that α i0 = 0.
We may assume that i = 1.
. . , X n+1 ) is a linear transformation and φ(S X ) is given by X 0 = X 1 = 0.
By considering φ(X) as X, we may assume that S X is given by X 0 = X 1 = 0. Let P ∈ H 0 \ (S X ∪ T X ). Then, P = (0 : 1 : b 2 : · · · : b n+1 ) for some b 2 , . . . , b n+1 . The projection π P is given by (1 :
Then, we have a field extension K(x 1 ,x 2 , . . . ,x n+1 )/K(x 2 , . . . ,x n+1 ) with a relation g(x 1 ,x 2 , . . . ,x 2 ) = F (1, x 1 ,x 2 + b 2 x 1 , . . . ,x n+1 + b n+1 x 1 ) = 0. By the form of F , g is of the form i,j β ij x p j i for some β ij ∈ K. Since P ∈ X ∪ T X , this extension is Galois of degree p e and the Galois group is isomorphic to (Z/pZ) ⊕e (see [8, pp. 117-118] ).
Therefore, we have H 0 \ (S X ∪ T X ) ⊂ ∆ ′ (X). By considering the form g, we find that the assertions (iii) and (iv) hold for any Galois points in H 0 \ (S X ∪ T X ).
We prove that ∆ ′ (X) ⊂ H 0 \ (S X ∪ T X ). If this is proved, then we have (ii), (iii) and (iv). If n = 1, then this is a result of Fukasawa (see [2, Proposition 2] ). Assume that n ≥ 2 and there exists an outer Galois point P ∈ H 0 for X. Note that any automorphism induced by any Galois point in H 0 is a linear transformation. By considering the actions of Galois points in H 0 , we have infinitely many Galois points in the affine plane P n+1 \ H 0 . By counting dimension and Lemma 1, there exists an outer Galois point P ′ and a hyperplane H such that P ′ ∈ H, ∆ ′ (X)∩H 0 ∩H = ∅ and X H is an integral scheme. Since T X ∩ H ⊂ T X H and this linear space is of dimension n−2, P ∈ T X H . It follows from Proposition 2 that {P }∪(∆ ′ (X)∩H 0 ∩H) ⊂ ∆ ′ (X H ).
When n = 2, X H is a curve and this is a contradiction. By using induction, we have a contradiction for any n ≥ 2.
We prove (v). Assume that P ∈ ∆(X). Since X ∩ H 0 = S X , P ∈ X \ H 0 . Let P ′ ∈ X \ H 0 such that the line P P ′ intersects the set ∆ ′ (X). Let R ∈ P P ′ ∩ ∆ ′ (X).
Since any element of G R is a linear transformation, it follows from Lemma 3 that there exists σ ∈ G R such that σ(P ) = P ′ . Since P is Galois, P ′ is also Galois.
Therefore, if one inner Galois point exists, then almost all points of X are inner Galois points. It follows from Theorem 1 that X is projectively equivalent to the hypersurface defined by X p e −1 0 X 1 − X p e 2 = 0 and ∆(X) = X \ {X 0 = X 1 = 0} = X sm .
